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Transitive actions on infinite sets

Let Γ be a countable infinite group, we will study its transitive actions on infinite (necessarily
countable) sets up to isomorphism.

Definition

Let Γ
αy X and Γ

β
y Y be two transitive actions on infinite sets. These actions are isomorphic

if there is a bijection ϕ : X → Y such that for all x ∈ X

ϕ(α(γ)x) = β(γ)ϕ(x).

We have two natural Polish models for the space of all transitive actions on infinite sets up to
isomorphism.
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First Polish model: the space of transitive actions on N

Denote by Hom(Γ,S∞) the space of homorphisms Γ→ S∞, and by Homtr(Γ, S∞) the space of
such homomorphisms which correspond to transitive actions.

Fact

Homtr(Γ,N) is Gδ in (S∞)Γ, in particular it is Polish for the topology of pointwise convergence.

Take F b N and S b Γ, a basic neighborhood US ,F of α is given by

US ,F = {β ∈ Homtr(Γ,S∞) : ∀(γ, x) ∈ S × F , α(γ)x = β(γ)x}

Let S∞ act on Homtr(Γ,S∞) by σ · α(γ) = σα(γ)σ−1. Then α is isomorphic to β iff they are
in the same S∞-orbit.
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Second Polish model: the space of infinite index subgroups

Given Γ
αy X , the stabilizer of x ∈ X is Stabα(x) := {γ ∈ γ : α(γ)x = x} ≤ Γ.

Key observation
Two transitive actions are isomorphic if and only if some/all stabilizers of the first are conjugate
to some/all stabilizers of the second.

Recall that Λ,Λ′ ≤ Γ are conjugate if there is γ ∈ Γ such that γΛγ−1 = Λ′.
Denote by Sub(Γ) ⊆ {0, 1}Γ the space of subgroups of Γ, by Sub[∞](Γ) the space of infinite
index subgroups.
Every element Λ of Sub[∞](Γ) corresponds to a transitive action, namely Γ y Γ/Λ, and the
actions associated to Λ,Λ′ are isomorphic iff the subgroups Λ,Λ′ are conjugate.

Fact

Sub[∞](Γ) is Gδ in the Cantor space {0, 1}Γ, in particular it is Polish.
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Connection between the two spaces

Lemma (Glasner-Kitroser-Melleray, 2016)

The stabilizer map Homtr(Γ, S∞)→ Sub[∞](Γ) which takes α to Stabα(0) is open (as well as
surjective and continuous).

From this, one deduces:

Proposition
Let P be an isomorphism invariant property of transitive Γ-actions, and let

AP := {α ∈ Homtr(Γ,S∞) : α has P}
BP := {Λ ∈ Sub[∞](Γ) : Γ y Γ/Λ has P}.

Then AP is open/Gδ/dense iff BP is.
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Four properties of transitive actions

Definition

A transitive Γ-action Γ
αy X on an infinite set X is

faithful if for every γ ∈ Γ there is x ∈ X such that α(γ)x 6= x .

highly transitive if whenever ϕ is a partial bijection between finite subsets of X , there is
γ ∈ Γ such that the bijection α(γ) extends ϕ.
totipotent if the set of actions isomorphic to it (in one or both Polish models) is dense.
amenable if for every ε > 0 and S b Γ there is an (S , ε)-invariant finite set, namely
F b X such that for all γ ∈ S ,

|α(γ)F \ F |
|F |

≤ ε.

These four properties define Gδ sets in both Polish models. Every totipotent action is faithful
because it can approximate the (free) action by left translation Γ y Γ.
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Main result

Theorem (LM)

Let Γ = Γ1 ∗ Γ2 with |Γ1| ≥ 2 and |Γ2| ≥ 3.

Then the generic transitive Γ-action is highly
transitive.

When Γ1 = Γ2 = Z, this result also follows from our work with Carderi and Gaboriau on dense
totipotent free groups in full groups.
Using very recent work of Azuelos and Gaboriau which yields totipotent actions for free
products, we have:

Corollary
Let Γ = Γ1 ∗ Γ2 with |Γ1| ≥ 2 and |Γ2| ≥ 3. Then the generic transitive action is highly
transitive and totipotent, in particular faithful. Moreover, the generic transitive action is
amenable iff Γ admits an amenable action all whose orbits are infinite.
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High transitivity

Definition

Γ
αy X is highly transitive if whenever ϕ is a partial bijection between finite subsets of X ,

there is γ ∈ Γ such that the bijection α(γ) extends ϕ.

A countable group Γ is called highly transitive if admits a faithful highly transitive action. Here
are some (non) highly transitive groups.

Examples
The group S(∞) of finitely supported permutations of N is highly transitive.
The group of permutations of Z which are translations outside a finite set is a finitely
generated highly transitive group.
Abelian groups cannot be highly transitive.
Every non-trivial normal subgroup of a highly transitive group is highly transitive, so
solvable groups cannot be highly transitive as well.
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More highly transitive groups

Theorem (Hull-Osin, 2016)

Every acylindrically hyperbolic group with trivial finite radical is highly transitive.

Examples include: free groups Fn for n ≥ 2 (McDonough, 1976), surface groups (Kitroser,
2012), Out(Fn) for n ≥ 3 (Garion-Glasner for n ≥ 4, 2013), hyperbolic groups with trivial finite
radical (Chaynikov, 2012).

Theorem (Fima-Moon-Stalder, 2015)

Many groups acting on trees are highly transitive.

Examples include free products Γ1 ∗ Γ2 with |Γ1| ≥ 2 and |Γ2| ≥ 3 (Gunhouse 1992, Hickin
1992, Moon-Stalder 2013), and surface groups.
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Actions on trees

Definition
Let T be a tree. Γ y T is minimal if there are no nontrivial invariant subtrees.

Minimality implies that T is pruned (no degree 1 vertices).
A tree automorphism is either:

elliptic: it fixes a vertex.
an inversion: it flips an edge.
hyperbolic: it acts by translation on an axis.

Definition
A minimal action Γ y T is of general type there are γ1, γ2 ∈ Γ hyperbolic whose axes have
finite intersection (are transverse).

Example: F2 = 〈a, b〉 acting by left multiplication on its Cayley graph is minimal of general
type.
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Topological freeness on the boundary

Every edge in a tree defines two half-trees: the two connected components one obtains when
removing this edge.

Definition
Γ y T with T pruned is topologically free on the boundary if given any half-tree H and
γ ∈ Γ \ {1}, there is a further half-tree H′ ⊆ H such that γH′ ∩H′ = ∅.

Example: F2 = 〈a, b〉 acting by left multiplication on its Cayley graph is topologically free on
the boundary.
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A characterization of high transitivity for groups acting on trees

Theorem (Fima-LM-Moon-Stalder, 2022)

Let Γ y T be faithful minimal of general type. The following are equivalent.
1 Γ is highly transitive;

2 Γ admits a faithful 4-transitive action;
3 The action Γ y T is topologically free on the boundary.

4-transitive: for every partial bijection ϕ between finite subsets of cardinality 4, there is γ ∈ Γ
such that α(γ) extends ϕ.
(1)⇒(2) is clear, (2)⇒(3) is an important result of Le Boudec and Matte Bon (2022), so what
we really prove is (3)⇒(1).
We use Baire category techniques, but in a space of actions satisfying additional restrictions. A
key tool is Bass-Serre graphs of actions which we now present for free products.
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Bass-Serre graphs of actions of free products

Let Γ = Γ1 ∗ Γ2 be a free product.

Definition
Given a right Γ-action X x Γ, the Bass Serre graph of the action is given by:

Vertices are Γ1-orbits and Γ2-orbits;
For every x ∈ X , put an edge between xΓ1 and xΓ2.

Fact (Uniqueness of normal form)

If Γ is acting freely then the Bass-Serre graph is a forest.

In particular, for Γ x Γ, we get a tree called the Bass-Serre tree of Γ. Since the left translation
commutes with the right translation, we have a natural left Γ-action on its Bass-Serre tree.

Lemma
This action is minimal of general type and topologically free on the boundary as soon as
|Γ1| ≥ 2 and |Γ2| ≥ 3.
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Sketch of proof of main result

Theorem
Let Γ = Γ1 ∗ Γ2 with |Γ1| ≥ 2 and |Γ2| ≥ 3. Then the generic transitive Γ-action is highly
transitive.

Fix a transitive right Γ-action α on X , and a partial bijection ϕ of X with finite domain F .
We may as well assume F ∩ϕ(F ) = ∅ (ϕ is the composition of two such partial bijections).
Since every countable group is an increasing union of finitely generated groups, we can
also assume α has finitely generated stabilizers.
Bass-Serre theory ensures us that the Bass-Serre graph of α is the Bass-Serre tree except
on a finite subgraph.
Topological freeness allows us to find a large enough word γ ∈ Γ1 ∗ Γ2 such that all the
elements of (F t ϕ(F ))α(γ) are in disjoint half-trees.
One can then "connect" Fγ to ϕ(F )γ using some g ∈ Γ1 ∪ Γ2 so as to obtain α̃ close to
α such that α̃(γgγ−1) extends ϕ.

François Le Maître Some global aspects of transitive actions 14 / 18



Sketch of proof of main result

Theorem
Let Γ = Γ1 ∗ Γ2 with |Γ1| ≥ 2 and |Γ2| ≥ 3. Then the generic transitive Γ-action is highly
transitive.

Fix a transitive right Γ-action α on X , and a partial bijection ϕ of X with finite domain F .

We may as well assume F ∩ϕ(F ) = ∅ (ϕ is the composition of two such partial bijections).
Since every countable group is an increasing union of finitely generated groups, we can
also assume α has finitely generated stabilizers.
Bass-Serre theory ensures us that the Bass-Serre graph of α is the Bass-Serre tree except
on a finite subgraph.
Topological freeness allows us to find a large enough word γ ∈ Γ1 ∗ Γ2 such that all the
elements of (F t ϕ(F ))α(γ) are in disjoint half-trees.
One can then "connect" Fγ to ϕ(F )γ using some g ∈ Γ1 ∪ Γ2 so as to obtain α̃ close to
α such that α̃(γgγ−1) extends ϕ.

François Le Maître Some global aspects of transitive actions 14 / 18



Sketch of proof of main result

Theorem
Let Γ = Γ1 ∗ Γ2 with |Γ1| ≥ 2 and |Γ2| ≥ 3. Then the generic transitive Γ-action is highly
transitive.

Fix a transitive right Γ-action α on X , and a partial bijection ϕ of X with finite domain F .
We may as well assume F ∩ϕ(F ) = ∅ (ϕ is the composition of two such partial bijections).

Since every countable group is an increasing union of finitely generated groups, we can
also assume α has finitely generated stabilizers.
Bass-Serre theory ensures us that the Bass-Serre graph of α is the Bass-Serre tree except
on a finite subgraph.
Topological freeness allows us to find a large enough word γ ∈ Γ1 ∗ Γ2 such that all the
elements of (F t ϕ(F ))α(γ) are in disjoint half-trees.
One can then "connect" Fγ to ϕ(F )γ using some g ∈ Γ1 ∪ Γ2 so as to obtain α̃ close to
α such that α̃(γgγ−1) extends ϕ.

François Le Maître Some global aspects of transitive actions 14 / 18



Sketch of proof of main result

Theorem
Let Γ = Γ1 ∗ Γ2 with |Γ1| ≥ 2 and |Γ2| ≥ 3. Then the generic transitive Γ-action is highly
transitive.

Fix a transitive right Γ-action α on X , and a partial bijection ϕ of X with finite domain F .
We may as well assume F ∩ϕ(F ) = ∅ (ϕ is the composition of two such partial bijections).
Since every countable group is an increasing union of finitely generated groups, we can
also assume α has finitely generated stabilizers.

Bass-Serre theory ensures us that the Bass-Serre graph of α is the Bass-Serre tree except
on a finite subgraph.
Topological freeness allows us to find a large enough word γ ∈ Γ1 ∗ Γ2 such that all the
elements of (F t ϕ(F ))α(γ) are in disjoint half-trees.
One can then "connect" Fγ to ϕ(F )γ using some g ∈ Γ1 ∪ Γ2 so as to obtain α̃ close to
α such that α̃(γgγ−1) extends ϕ.

François Le Maître Some global aspects of transitive actions 14 / 18



Sketch of proof of main result

Theorem
Let Γ = Γ1 ∗ Γ2 with |Γ1| ≥ 2 and |Γ2| ≥ 3. Then the generic transitive Γ-action is highly
transitive.

Fix a transitive right Γ-action α on X , and a partial bijection ϕ of X with finite domain F .
We may as well assume F ∩ϕ(F ) = ∅ (ϕ is the composition of two such partial bijections).
Since every countable group is an increasing union of finitely generated groups, we can
also assume α has finitely generated stabilizers.
Bass-Serre theory ensures us that the Bass-Serre graph of α is the Bass-Serre tree except
on a finite subgraph.

Topological freeness allows us to find a large enough word γ ∈ Γ1 ∗ Γ2 such that all the
elements of (F t ϕ(F ))α(γ) are in disjoint half-trees.
One can then "connect" Fγ to ϕ(F )γ using some g ∈ Γ1 ∪ Γ2 so as to obtain α̃ close to
α such that α̃(γgγ−1) extends ϕ.

François Le Maître Some global aspects of transitive actions 14 / 18



Sketch of proof of main result

Theorem
Let Γ = Γ1 ∗ Γ2 with |Γ1| ≥ 2 and |Γ2| ≥ 3. Then the generic transitive Γ-action is highly
transitive.

Fix a transitive right Γ-action α on X , and a partial bijection ϕ of X with finite domain F .
We may as well assume F ∩ϕ(F ) = ∅ (ϕ is the composition of two such partial bijections).
Since every countable group is an increasing union of finitely generated groups, we can
also assume α has finitely generated stabilizers.
Bass-Serre theory ensures us that the Bass-Serre graph of α is the Bass-Serre tree except
on a finite subgraph.
Topological freeness allows us to find a large enough word γ ∈ Γ1 ∗ Γ2 such that all the
elements of (F t ϕ(F ))α(γ) are in disjoint half-trees.

One can then "connect" Fγ to ϕ(F )γ using some g ∈ Γ1 ∪ Γ2 so as to obtain α̃ close to
α such that α̃(γgγ−1) extends ϕ.

François Le Maître Some global aspects of transitive actions 14 / 18



Sketch of proof of main result

Theorem
Let Γ = Γ1 ∗ Γ2 with |Γ1| ≥ 2 and |Γ2| ≥ 3. Then the generic transitive Γ-action is highly
transitive.

Fix a transitive right Γ-action α on X , and a partial bijection ϕ of X with finite domain F .
We may as well assume F ∩ϕ(F ) = ∅ (ϕ is the composition of two such partial bijections).
Since every countable group is an increasing union of finitely generated groups, we can
also assume α has finitely generated stabilizers.
Bass-Serre theory ensures us that the Bass-Serre graph of α is the Bass-Serre tree except
on a finite subgraph.
Topological freeness allows us to find a large enough word γ ∈ Γ1 ∗ Γ2 such that all the
elements of (F t ϕ(F ))α(γ) are in disjoint half-trees.
One can then "connect" Fγ to ϕ(F )γ using some g ∈ Γ1 ∪ Γ2 so as to obtain α̃ close to
α such that α̃(γgγ−1) extends ϕ.

François Le Maître Some global aspects of transitive actions 14 / 18



Totipotency

Recall that a transitive action is totipotent if its isomorphism class is dense.

Theorem (Azuelos-Gaboriau 2023)

Let Γ y T be a minimal irreducible faithful action. Suppose there are two edges e1, e2 ∈ T
such that Stab(e1) ∩ Stab(e2) is finite.Then there is a dense conjugacy orbit in

Sub|·\T |∞(Γ) := {Λ ≤ Γ: E (Λ\T ) is infinite}.

Recall the Bass-Serre tree T of Γ = Γ1 ∗ Γ2 has Γ1 ∗ Γ2 as edge set, onto which it acts freely. So

Sub|·\T |∞(Γ) = Sub[∞](Γ).

Corollary
Let Γ = Γ1 ∗ Γ2 with |Γ1| ≥ 2 and |Γ2| ≥ 3. Then Γ admits a totipotent action.

Azuelos and Gaboriau’s result applies much more generally, yielding many groups with
totipotent actions. They also have results for some hyperbolic groups.
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Amenability and the class A

Recall that an action is amenable if for every ε > 0 and S b Γ there is an (S , ε)-invariant finite
set, namely F b X such that for all γ ∈ S ,

|α(γ)F \ F |
|F |

≤ ε.

Definition (Glasner-Monod, 2007)

A countable group Γ is in the class A if it admits a faithful amenable action. It has property
(F) if on the (strong!) contrary every amenable action has a fixed point.

Kazhdan groups have property (F), e.g. Sl3(Z).
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The Glasner-Monod characterization of A for free products

Theorem (Glasner-Monod, 2007)

A non-trivial free product Γ1 ∗ Γ2 does not have A if and only if Γ1 has (F) and Γ2 has a finite
index subgroup with (F), or vice versa.

Totipotency simplifies greatly their proof: for the direct implication, it suffices to exhibit an
amenable Γ-action all whose orbits are infinite (which Glasner and Monod do).
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Two questions

Question
Among groups admitting a faithful minimal action of general type on a tree which is
topologically free, which ones have generic highly transitive actions?

Carderi, Gaboriau, LM, Stalder: The Baumslag-Solitar group
BS(2, 3) =

〈
t, b : tb2t−1 = b3〉 is not generically highly transitive.

Carderi, Gaboriau, LM: Surface groups are generically highly transitive (unpublished).

Question
S2(∞) has a totipotent action, as well as many faithful highly transitive actions. Are the latter
generic?

For S(∞), answer is no, although it is highly transitive and has a totipotent action.
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